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ABSTRACT
We explore a one-zone hadronic model that may be able to reproduce γ-ray burst
(GRB) prompt emission with a minimum of free parameters. Assuming only that
GRBs are efficient high-energy proton accelerators and without the presence of an
ab initio photon field, we investigate the conditions under which the system becomes
supercritical, i.e. there is a fast, non-linear transfer of energy from protons to secondary
particles initiated by the spontaneous quenching of proton-produced γ-rays. We first
show analytically that the transition to supercriticality occurs whenever the proton
injection compactness exceeds a critical value, which favours high proton injection
luminosities and a wide range of bulk Lorentz factors. The properties of supercriticality
are then studied with a time-dependent numerical code that solves concurrently the
coupled equations of proton, photon, electron, neutron and neutrino distributions. For
conditions that drive the system deep into the supercriticality we find that the photon
spectra obtain a Band-like shape due to Comptonization by cooled pairs and that the
energy transfer efficiency from protons to γ-rays and neutrinos is high reaching ∼ 0.3.
Although some questions concerning its full adaptability to the GRB prompt emission
remain open, supercriticality is found to be a promising process in that regard.
Key words: astroparticle physics – instabilities – radiation mechanisms: non-thermal
–gamma ray burst: general
1 INTRODUCTION
The prompt emission of gamma-ray bursts (GRBs) is ob-
served in the 10 keV-1 MeV energy band (Preece et al. 2000;
von Kienlin et al. 2014), with fluences that generally range
between 10−4 erg cm−2 and 10−7 erg cm−2, where the lower
limit does not necessarily reflect an intrinsic property of
GRBs but depends on the sensitivity of the detectors. The
fluence distribution of bursts detected by the Fermi/GBM
peaks at ∼ 10−5 erg cm−2 (von Kienlin et al. 2014), which is
considered as the typical GRB fluence. GRB light curves are
highly variable and have a complex structure: they consist
of several pulses (10-100) each of them having typical width
10ms-1s (Norris et al. 1996; Nakar & Piran 2002), thus mak-
ing the total duration of the burst longer, e.g. 10−100 s. The
GRB spectra can, in most cases, be described by a smoothly
connected broken power-law (Band et al. 1993, 2009) with
values of the break energy clustered around ∼ 0.2−0.5 MeV
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in the observer’s frame, while even higher peak energies
(> 10 MeV) have been detected (e.g. Goldstein et al. 2012).
The typical photon indices of the spectrum below and
above the peak are α ∼ −1 and β ∼ −2.2, respectively
(Preece et al. 2000; Goldstein et al. 2012).
The origin of the GRB emission is still an open issue,
although various models have been proposed during the past
decades trying to address all or most of the above properties.
Borrowing the terminology from the field of blazar modelling
(see e.g. Bo¨ttcher 2007; Boettcher 2010, for reviews) GRB
emission models can be divided in two categories, namely
leptonic and hadronic, according to the species of the radi-
ating particles.
The former try to attribute the gamma-ray emission
by employing radiation processes of relativistic electrons
(and/or positrons). The classical scenario of the prompt
emission, which belongs to the first category, is the op-
tically thin synchrotron model (e.g. Katz 1994; Sari et al.
1996; Tavani 1996; Chiang & Dermer 1999), where the ki-
netic energy of the flow is dissipated via shocks and the
prompt emission is the result of synchrotron radiation of
relativistic electrons. The difficulties that this scenario has
in dealing with several issues, such as the low-energy pho-
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ton index (Crider et al. 1997; Preece et al. 1998, 2000) and
the fine tuning of parameters required to explain the MeV
peak of GRB spectra (see also Beloborodov 2010 for rele-
vant discussion), motivated works on alternative scenarios.
For example, variants of non-thermal emission models were
discussed in order to overcome the ‘line-of-death’ problem:
(i) effects of adiabatic and/or inverse Compton (IC) cool-
ing in the Klein-Nishina regime on the low energy part of
the synchrotron spectrum (Derishev et al. 2001; Wang et al.
2009; Daigne et al. 2011); (ii) synchrotron emission from an
electron distribution with a smooth low energy cutoff and
an anistropic distribution in pitch angles (Lloyd & Petrosian
2000); (iii) the emission observed in the BATSE energy band
20 keV-1 MeV was interpeted as the result of IC scattering
of slow cooling electrons on the self-absorbed part of the
synchrotron spectrum (Panaitescu & Me´sza´ros 2000); (iv)
synchrotron self-Compton emission under the assumption of
continuous electron acceleration (Stern & Poutanen 2004);
(v) jitter radiation emitted by relativistic electrons mov-
ing in non uniform small scale magnetic fields (Medvedev
2000); (vi) synchrotron electron cooling in a decaying mag-
netic field (Pe’er & Zhang 2006); (vii) gamma-ray emission
through the Compton-drag process (Lazzati et al. 2000).
The so-called photospheric models, where the radiation is
released when the outflow becomes transparent, constitute
an interesting alternative to the non-thermal ones. If the
energy is dissipated at the very inner parts of the out-
flow, it thermalizes and the radiation that escapes from
the GRB photosphere has a quasi-thermal spectrum that
peaks at ∼ 0.1 − 1 MeV (e.g. Goodman 1986; Thompson
1994; Beloborodov 2010). In the presence of continuous en-
ergy dissipation, however, the resulting spectra may obtain
a non-thermal appearance via Comptonization of the quasi-
thermal emission by thermal electrons (Me´sza´ros & Rees
2000; Pe’er et al. 2006; Giannios 2006, 2012).
Hadronic models for the GRB prompt emission con-
stitute a viable alternative. They are built upon the com-
mon basis that the (sub)MeV γ-ray emission, which serves
as the target field for photopion interactions, is not of
hadronic origin but it is either the synchrotron radia-
tion of primary electrons (e.g. Dermer & Atoyan 2003;
Asano & Inoue 2007; Murase 2008) or the emission from the
photosphere itself (e.g. Gao et al. 2012; Asano & Me´sza´ros
2013). The high-energy part of the gamma-ray spectrum
(>100 MeV) is typically explained by relativistic proton syn-
chrotron radiation (Vietri 1997; Totani 1998) or by proton-
induced cascades (Dermer & Atoyan 2006; Asano & Inoue
2007; Asano et al. 2009). The latter scenario has been
applied to explain the underlying power-law components
seen in some bright Fermi bursts (e.g. GRB 090902B
(Abdo et al. 2009); GRB 080319B (Racusin et al. 2008)),
which extend from the hard X-rays up to GeV energies
and do not agree with simple extrapolations of the MeV
spectrum (Asano et al. 2010). In any case, the suggestion
that GRBs are the sources of ultra-high energy cosmic
rays (UHECRs) (Waxman 1995b; Vietri 1995; Murase et al.
2008) makes hadronic models attractive. Moreover, the
associated high-energy neutrino emission has been calcu-
lated in various studies (Waxman & Bahcall 1997; Murase
2008; Gao et al. 2012; He et al. 2012; Zhang & Kumar 2013;
Asano & Meszaros 2014; Baerwald et al. 2014; Reynoso
2014; Petropoulou et al. 2014) and now starts becoming
testable by ongoing observations (IceCube Collaboration
2013; Aartsen et al. 2014b,a).
However, one-zone hadronic models are inherently
more complex than pure leptonic ones, since they re-
quire modelling of the coupled emission and energy
loss processes (see e.g. Dimitrakoudis et al. 2012a) be-
tween various species in order to track the evolution
of the different components (protons, neutrons, pairs,
mesons, neutrinos, photons). Several of these feedback
processes were proven to give rise to radiative insta-
bilities (e.g. Stern & Svensson 1991; Kirk & Mastichiadis
1992; Mastichiadis et al. 2005) that share a common fea-
ture: the abrupt, i.e. in a few dynamical times, release
of energy that is initially stored in protons and is sub-
sequently transfered to photons. The proton synchrotron
pair-production instability for example was proposed to
give rise to gamma-ray emission peaking at ∼ 1 MeV
(e.g. Kazanas et al. 2002; Mastichiadis & Kazanas 2006) of-
fering, at the same time, a physical connection between
the prompt and afterglow phases (Mastichiadis & Kazanas
2009; Sultana et al. 2013). Moreover, possible impli-
cations of the automatic γ-ray quenching instability
(Stawarz & Kirk 2007; Petropoulou & Mastichiadis 2011)
were studied in Petropoulou & Mastichiadis (2012a,b) in the
context of hadronic blazar emission.
In the present work we extend this analysis by exploring
its emission signatures in gamma-rays, high-energy neutri-
nos and cosmic-rays for parameters relevant to GRB sources.
We begin with the sole assumption of a source that is an ef-
ficient ultra high-energy (UHE) proton accelerator and suf-
ficiently magnetized in order to confine the accelerated pro-
tons. Contrary to the majority of GRB hadronic models we
do not assume an external source of photons. We show that
for low values of the proton injection luminosity, the only
photon field present in the source is the one emitted by the
proton component mainly through synchrotron radiation. In
this case, the emitted spectrum cannot be assigned to that
of a typical GRB because of its spectral shape and its low
luminosity. We follow the evolution of protons by balancing
their losses to the respective gains of their secondaries as
done in Mastichiadis & Kirk (1995) and show that if their
injection luminosity exceeds a critical value, the system un-
dergoes a transition that is triggered by the instability of
automatic γ-ray quenching. The transition is easily identi-
fied by an abrupt increase of the photon luminosity that
causes the source to enter in a high photon compactness
state making the energy exchange between leptons and pho-
tons dominant. This results in photon spectral shapes that in
general resemble GRBs in the sense that (i) they match the
required luminosity and (ii) they can be fit by a Band func-
tion. It is this self-consistently produced radiation field that
becomes the target for photopion interactions and efficiently
drains energy from UHE protons, part of which is trans-
fered to high-energy electron and muon neutrinos produced
through the charged pion decay. This constitutes one of the
fundamental differences between the present study and oth-
ers where an ad hoc Band spectrum is assumed (see also
Murase et al. 2008 for a similar approach to ours). Finally,
relativistic neutrons produced from the same photopion in-
teractions provide an effective means for UHECR escape
from the source, since they are not magnetically confined
and their decay time is long enough as to allow them to es-
c© 2014 RAS, MNRAS 000, 1–??
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cape freely before converting into protons through β decay.
We show that for modest values of the bulk Lorentz factor
(Γ ≃ 100 − 600) all three components, namely neutrinos,
UHECRs and photons, are energetically similar.
The present work is structured as follows. In §2 we
present the physical conditions of the model and derive an
analytical expression for the critical proton injection lumi-
nosity. In §3.1 we present the numerical code and in §3.2
we continue with a presentation of the photon, UHECR and
neutrino emission spectra; we also discuss the effects of a
lower value for the high-energy cutoff of the proton distri-
bution. We discuss our results in §4 and conclude with a
summary in §5. Throughout this study we use H0 = 70 km
Mpc−1 s−1, ΩM = 0.3, ΩΛ = 0.7 and z = 1.5 as an indica-
tive value for the redshift of the gamma-ray source. We also
introduce the notation Qx = Q/10
x.
2 ANALYTICAL APPROACH
2.1 Physical conditions
The GRB lightcurve in the soft γ-ray band (<10 MeV) is
variable and consists of several pulses with durations δt in
the range 0.01−1 s (Norris et al. 1996; Nakar & Piran 2002).
Here we adopt the internal shock scenario (see Piran (2004);
Zhang & Me´sza´ros (2004), for reviews) according to which
the emitting region that corresponds to each individual pulse
is modelled as a homogeneous shell with Lorentz factor Γ
that forms at a distance r ≃ Γ2cδt from the central engine.
In the comoving frame the width of the shell is
rb ≃ r/Γ = 3× 1011Γ2δt−1 cm. (1)
As long as the beaming angle 1/Γ is smaller than the opening
angle of the jet, which holds during the internal shock phase,
we may treat the emission region as a spherical blob of radius
rb.
Since the typical isotropic energy emitted in γ-
rays is Eisoγ ≃ 1052 − 1054 erg (Bloom et al. 2003;
Kocevski & Butler 2008), the isotropic γ-ray luminosity de-
fined as Lisoγ ≃ Eisoγ /∆t ranges between 1051 and 1053 erg/s,
for a fiducial burst duration ∆t = 10 s. A minimal require-
ment is that Ltot & L
iso
γ , where where Ltot is the total power
of the jet and equals to Ltot = Lk + LB + L
inj
p with Lk, LB
and Linjp being the kinetic, Poynting and proton
1 luminosi-
ties, respectively. Although electron acceleration at high en-
ergies is expected to take place too, here, in our attempt to
keep the number of free parameters as low as possible, we
assume that the injection luminosity of primary relativistic
electrons is much lower than that of protons, making their
contribution to the energetics and the overall spectra negli-
gible.
We introduce next the parameters ǫB = LB/Lk and
ǫp = L
inj
p /Lk. We use throughout the text ǫB = 0.1 and
ǫp = 1 as indicative values, unless stated otherwise. Using
the definition of the Poynting luminosity
LB = cB
2Γ2r2 (2)
we may write the magnetic field strength measured in the
1 Linjp refers to the luminosity of a power-law proton distribution.
comoving frame as follows:
B =
(
ǫBLk
c
)1/2
1
cΓ3δt
= 6× 104 (ǫB,−1Lk,52)
1/2
δt−1Γ32
G. (3)
As we show next, all physical quantities in addition to rb
and B may be expressed through five essential variables:
Γ, Lk, δt, ǫp and ǫB.
We proceed with the derivation of the respective expres-
sions for the two basic quantities that describe the proton
distribution, namely its injection compactness and its high-
energy cutoff. The former, is defined as
ℓinjp =
σTL
inj
p
4πrbΓ4mpc3
, (4)
and using eq. (1) it is also written as
ℓinjp =
ǫpLkσT
4πmpc4δtΓ5
= 0.43
ǫp,0Lk,52
δt−1Γ52
. (5)
We assume that protons are being injected into the blob
after having been accelerated into a power-law distribution
with index pp starting from γmin up to a Lorentz factor γsat
which is usually determined by the balance between the ac-
celeration and the energy loss processes. Because protons
do not, in principal, suffer as severe radiative losses as elec-
trons do, the acceleration of protons to large γsat in GRBs is
possible (e.g. Asano et al. 2009; Murase et al. 2012). For the
lower cutoff of the proton distribution and the power-law in-
dex we use the indicative values γmin = 1 and pp = 2 respec-
tively. We note that the exact value of γmin does not alter
the main results of this work, while steeper proton spectra
would increase the energy demands; for this reason we will
not consider such cases here. Assuming that the synchrotron
losses are the dominant energy loss process for high energy
protons (see also Petropoulou et al. 2014) and that the ac-
celeration process operates close to the Bohm diffusion limit
(e.g. Giannios 2010), the typical energy loss and acceleration
timescales are given respectively by tsyn = 6πmpcχ
2/σTB
2γ
and tacc = ηmpc
2γ/eBc, where χ = mp/me and η > 1. Us-
ing the above expressions and eq. (3) we find
γsat ≃ 109Γ3/22 η−1/20 δt1/2−1 L−1/4k,52 ǫ−1/4B,−1. (6)
Thus, protons can in principle be accelerated to ultra-high
energies (UHE), i.e. Ep 6 10
18 eV in the comoving frame. If
the gyroradius of these highly energetic protons is, however,
larger than the typical size of the emission region rb, they
cannot be confined and escape from it. Thus, the maximum
energy of protons in the emission region is given by γmax =
min(γsat, γH), where γH is derived using the Hillas criterion
(Hillas 1984), namely γHmpc
2/eB = rb. Using eqs. (1) and
(3) this is also written as
γH = 6.4× 109 (Lk,52ǫB,−1)1/2 Γ−22 . (7)
Combining eqs. (6) and (7) we find that γmax = γH, unless
Γ . 140δt
−1/7
−1 η
1/7
0 ǫ
3/14
B,−1L
3/14
k,52 . (8)
For the fiducial parameter values used here and for the pur-
poses of the analytical treatment presented in §2.2. it is suffi-
cient to define the maximum proton Lorentz factor through
eq. (7). However, in §3 where we study the problem numer-
ically for different parameter sets we use the appropriate
expression for γmax.
c© 2014 RAS, MNRAS 000, 1–??
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2.2 Transition to supercriticality
The injected protons will emit synchrotron radiation that
peaks in the comoving frame at ǫmax ≃ bmec2γ2M/χ, where
b = B/Bcr, Bcr = 4.4 × 1013 G, and γM = min(γmax, γc);
here, γc is the typical Lorentz factor of protons that cool
due to synchrotron losses within the dynamical timescale
tcr ≃ rb/c and it is given by
γc = 10
8 Γ
5
2δt−1
ǫB,−1Lk,52
. (9)
Using eqs. (3) and (7) we find that
ǫmax ≃ 12
ǫ
3/2
B,−1L
3/2
k,52
Γ72δt−1
TeV, (10)
where for simplicity we assumed γmax < γc (for the valid-
ity of the assumption, see Appendix A). Thus, for the fidu-
cial parameter values used here the peak of the proton syn-
chrotron spectrum falls well within the γ-ray energy band.
As long as
ǫmax > ǫq = 0.9ǫ
−1/6
B,−1L
−1/6
k,52 Γ2δt
1/3
−1 GeV, or (11)
Γ . Γq = 300 δt
−1/6
−1 ǫ
5/24
B,−1L
5/24
k,52 (12)
is satisfied2, photons at the high-energy part of the proton
synchrotron spectrum can be successible to the instability of
spontaneous gamma-ray quenching (Stawarz & Kirk 2007;
Petropoulou & Mastichiadis 2011). According to this, the
γ-ray compactness (ℓγ) produced in a highly magnetized
region cannot become arbitrarily high. Whenever it exceeds
a critical value (ℓγ,cr) it is spontaneously absorbed producing
relativistic pairs that cool by emitting a large3 number of
synchrotron photons, thus providing more targets for further
γγ absorption. As the γ-ray compactess in our framework
is related to the proton injection compactess, the existence
of an upper limit to ℓγ is also translated to a limiting value
for the proton injection compactess (ℓp,cr). This has been
already pointed out by Petropoulou & Mastichiadis (2012a),
although in a different context.
We refer the reader to Appendix A for the derivation of
ℓp,cr and here we present the final result
ℓp,cr =
(
2× 10−5)Γ22
ǫ
1/2
B,−1L
1/2
k,52


22 + ln
(
ǫ
1/2
B,−1
L
1/2
k,52
Γ2
2
)
, γM = γH
18 + ln
(
Γ52δt−1
ǫB,−1Lk,52
)
, γM = γc,
(13)
where the first branch is relevant for Γ &
180 δt
−1/7
−1 ǫ
3/14
B,−1L
3/14
k,52 and the second otherwise. From
this point on we will refer to cases with ℓinjp < ℓp,cr as
‘subcritical’ and ‘supercritical’ otherwise. We will also
drop the logarithmic dependance and set instead the
numerical factor in the bracket of eq. (13) to 20, i.e.
ℓp,cr = 4× 10−4Γ22ǫ−1/2B,−1L−1/2k,52 .
Note that the above expression is valid as long as the
gamma-rays that are spontaneously absorbed and initiate
2 For the derivation we used the feedback criterion of automatic
photon quenching – see Petropoulou & Mastichiadis (2011) and
eq. (2) therein.
3 An electron with energy Ee = meγc2 will emit N photons,
where N ≃ Ee/(mec2bγ2) = 1/bγ = 104/B4.6γ5.
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Figure 1. Proton injection compactness (solid lines) and proton
critical compactness (dashed lines) as a function of the Lorentz
factor for three values of Lk marked on the plot. Thick lines de-
note ℓinjp > ℓp,cr, while the loci of points with fℓ = 1 and 10
are plotted with red lines. Other parameters used are: ǫp = 1,
ǫB = 0.1 and δt = 0.1 s.
the instability are the result of proton synchrotron radia-
tion. If the parameters are such as to push the peak of the
proton synchrotron radiation to GeV energies, e.g. ǫB ≪ 0.1,
then the emission from pairs produced by Bethe-Heitler
and/or photopion interactions of protons with their own
synchrotron radiation dominates in TeV energies. It can be
shown that even in such cases the instability can still operate
(Petropoulou & Mastichiadis 2012a). Although the deriva-
tion of an expression similar to eq. (13) in this case is out
of the scope of the present study, we will present a detailed
numerical example in §3.
The absolute value of ℓp,cr is not so important by itself.
More important for the evolution of the system is the ratio
fℓ = ℓ
inj
p /ℓp,cr which measures how deep in the supercritical
regime the system is driven for given physical conditions.
Using eqs. (5) and (13) this is written
fℓ = 10
3
ǫ
1/2
B,−1ǫp,0L
3/2
k,52
Γ72δt−1
, (14)
where we used the first branch of eq. (13) for simplifying
reasons. In any case, both expressions of ℓp,cr are similar.
Interestingly, eq. (14) shows that the condition fℓ > 1 is
satisfied for a wide range of parameter values, with lower
values of Γ being prefered. Because of the strong dependance
of the ratio fℓ on Γ, slightly different values of the bulk
Lorentz factor lead to very different photon and neutrino
spectra as we show in §3. It is useful, therefore, to define a
‘critical’ value of the Lorentz factor too. Setting fℓ = 1 we
find
Γcr ≃ 270ǫ1/14B,−1ǫ1/7p,0L3/14k,52 δt−1/7−1 , (15)
which has very weak dependance on the parameters.
The above are summarized in Fig. 1 where we plot ℓinjp
(solid lines) and ℓp,cr (dashed lines) for three values of Lk
marked on the plot. Other parameters used are: ǫp = 1,
ǫB = 0.1 and δt = 0.1 s. The dashed lines are plotted up
to Γq (see eq. (12)), as the derived expression for the crit-
ical compactness is not relevant for larger values of Γ. For
c© 2014 RAS, MNRAS 000, 1–??
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each value of Lk we plotted with thick lines the part of the
ℓinjp curve that lies above ℓp,cr. Finally, the red lines denote
the loci of points with fℓ = 1 and 10. The parameter space
that leads to supercriticality becomes wider as Lk increases.
For high enough values, e.g. Lk = 10
54 erg/s, supercritical-
ity is ensured for almost all values of Γ relevant to GRBs.
Note also that low values of the bulk Lorentz factor not only
favour the transition to supercriticality but also correspond
to fℓ ≫ 10.
The condition fℓ ≫ 1 implies that the system lies deep
in the supercritical regime and, as we will show in the next
section with detailed numerical examples, this has the fol-
lowing implications: (i) the neutrino production efficiency
is high, (ii) UHE protons cool down effectively through
photopair and photopion processes, and (iii) the photon
spectrum may be adequately described by a Band function
(Band et al. 1993, 2009).
2.3 Comparison with the WB model
Waxman and Bahcall derived an elegant expression for the
energy lost by protons through pion production within a dy-
namical timescale (see eq. (4) in Waxman & Bahcall 1997),
which simply depends on the observed peak energy and γ-
ray luminosity as well as on Γ and δt. Since proton cooling
due to photopion interactions becomes more inefficient for
larger values of Γ, their expression can also be seen as an
upper limit for Γ
ΓWB = 110
(
Lγ,51
ǫobs,1MeVδt−1
)1/4
. (16)
In other words, in the WB model, pion and neutrino pro-
duction is efficient for Γ < ΓWB, which requires either low
values of the Lorentz factor if δt ∼ 0.1 s or modest values of
Γ, e.g. ∼ 300, if the γ-ray variability is extremely fast, i.e.
δt ∼ 1 ms (see e.g. Waxman & Bahcall 1997; Guetta et al.
2004; Abbasi et al. 2010). In our framework, however, effi-
cient pion production is ensured, even without the require-
ment of an ab initio target photon field, for parameters lead-
ing to the supercritical regime (see e.g. Fig. 9 in §3). In the
previous paragraph we showed by analytical menas that the
transition to supercriticality occurs for Γ 6 Γcr, where Γcr is
defined in eq. (15). A comparison between the two Lorentz
factors is shown in Fig. 2, where ΓWB and Γcr are plotted
with dashed and solid lines, respectively for Lγ = 10
51 erg/s,
ǫobs = 1 MeV, Lk = 10
52 erg/s, ǫp = 1 and ǫB = 0.1.
The grey colored area denotes the parameter space
where the transition to supercriticality occurs due to the
non-linear feedback loops leading to efficient pion pro-
duction. As we show in §3, the self-consistently produced
gamma-ray spectrum starts resembling a typical GRB one,
for fℓ > 10 or Γ < 0.7Γq. Thus, our model is equivalent to
the WB model in the sense that efficient pion production
on a Band-like gamma-ray spectrum is ensured for roughly
similar parameter values, but with a fundamental difference:
here the gamma-ray spectrum is not assumed a priori but
is produced self-consistently by a series of processes, which
we describe in detail in §3.2.
 2
 2.1
 2.2
 2.3
 2.4
 2.5
 2.6
 2.7
 2.8
-3 -2.5 -2 -1.5 -1
lo
g 
Γ
log δt (s)
Γcr
ΓWB
Figure 2. Γ-δt plane and the two characteristic Lorentz fac-
tors derived by our analysis (solid line) and the analysis of
Waxman & Bahcall 1997 (dashed line). The grey colored region
denotes additional parameter space with respect to the WB
model, where efficient pion production can occur due to non-
linear feedback loops. For the rest of the parameters used, see
text.
3 NUMERICAL INVESTIGATION
3.1 Numerical code
In the previous section we showed by analytical means
that the transition to supercriticality is ensured for a
wide range of parameter values. To verify this we em-
ploy the time-dependent numerical code as presented in
Dimitrakoudis et al. (2012a) – hereafter DMPR12, that fol-
lows the evolution of protons, neutrons, secondary pairs,
photons and neutrinos by solving the coupled differen-
tial equations that describe the various distributions. The
coupling of energy losses and injection introduces a self-
consistency in this approach that allows the study of the sys-
tem at various conditions, e.g. in the presence of non-linear
electromagnetic (EM) cascades and other feedback loops
(see also Petropoulou & Mastichiadis 2012b for a relevant
discussion). As a word of caution we stress that the afore-
mentioned loops can be fully understood only if the coupled
kinetic equation approach is used. The often used Monte
Carlo techniques are intrinsically linear and fail to capture
complex, non-linear effects such as this. While Monte Carlo
codes are an excellent tool for the description of the system
in the subcritical regime, should the choice of parameters
drive the system into the supercritical regime the results of
such codes may be in error.
We assume that protons are being injected in the source
at a constant rate given by
Qp = Q0γ
−ppH(γ − γmin)H(γmax − γ)H(τ ), (17)
where pp = 2, γmin = 1, γmax = min(γH, γsat), and τ is the
time measured in the comoving frame in rb/c units. Pro-
tons, as well as secondary particles, are allowed to leave the
emission region in an average time tesc = rb/c. This may
account in an approximate way for the expansion of the
source, since the steady-state particle distributions derived
by solving a kinetic equation containing a physical escape
term or an adiabatic loss term are similar. All particles, pri-
mary and secondary, lose energy through various processes.
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Although details can be found in DMPR12, for the sake of
completeness, we summarize here the physical processes that
are included in the code:
• proton-photon pair production (photopair)
• proton-photon pion production (photopion)
• neutron-photon pion production
• proton synchrotron radiation
• pion, kaon, muon and electron synchrotron radiation
• synchrotron self-absorption
• electron inverse Compton scattering
• photon-photon pair production
• electron-positron pair annihilation
• Compton scattering of photons by cooled pairs
Photohadronic interactions are modelled using the re-
sults of Monte Carlo simulations. In particular, for
Bethe-Heitler pair production the Monte Carlo results
by Protheroe & Johnson (1996) were used (see also
Mastichiadis et al. 2005). Photo-pion interactions were in-
corporated in the time-dependent code by using the results
of the Monte Carlo event generator SOPHIA (Mu¨cke et al.
2000). Synchrotron radiation of charged pions and muons
was not included in the version of the code presented in
DMPR12 and for the exact treatment we refer the reader
to Dimitrakoudis et al. (2014). Pairs that cool down to
Lorentz factors γ ∼ 1 contribute to the Thomson depth
and they are treated as a separate population. Following
Lightman & Zdziarski (1987), we assume that this popu-
lation thermalizes at a temperature Θ ≪ 1, where Θ =
kTe/mec
2. For the pair annihilation and photon downscat-
tering processes we followed Coppi & Blandford (1990) and
Lightman & Zdziarski (1987), respectively (for more details
see Mastichiadis & Kirk 1995).
The photon escape timescale tγ,esc, in particular, is
modelled as
tγ,esc =
rb
c
(
1 +
1
3
τKN(x)f(x)
)
, (18)
where x is the photon energy in mec
2 units and f is a func-
tion that equals unity for x 6 0.1, it decreases as (1−x)/0.9
for 0.1 < x < 1 and it becomes zero for x > 1. Moreover,
τKN = τTσKN(x)/σT and σKN is the Klein-Nishina cross
section. On the one hand, the above expression takes into
account in an approximate way the fact that photons may
be ‘trapped’ in the source for longer than one crossing time,
i.e. tγ,esc > rb/c for τT ≫ 1. On the other hand, eq. (18)
does not take into account the effect of the expansion of the
source during the photon escape. If the source expands on
a dynamical time, the photon escape time is found to be
tγ,esc ∼ 2rb/c (Giannios 2006). Note, however, that in the
examples shown here τT ∼ 10, making thus the effect of
expansion rather modest.
3.2 Results
We investigated in total 10 parameter sets that were divided
in two groups, namely A and B. All simulations in groups
A are obtained for Lk = 10
52 erg/s, ǫB = 0.1, ǫp = 1 and
δt = 0.1 s, whereas for group B δt = 0.01 s. In each group
we performed 5 simulations with Lorentz factors varying be-
tween 102.1 and 102.5 with a logarithmic step of 0.1. All
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Figure 3. Observed ǫLǫ spectra for a single GRB pulse with
duration δt = 0.1 s at redshift z = 1.5. Photon, total neutrino
and proton escaping luminosities are shown with solid, dotted and
dashed lines, respectively, for Γ = 102.1 (black lines), 102.3 (blue
lines) and 102.5 (grey lines). The first two cases are supercritical
with fℓ = 177 and 7, whereas the last one is subcritical with
fℓ = 0.3. Other parameters used are: Lk = 10
52 erg/s, ǫB = 0.1,
ǫp = 1.
other parameters that are used as an input for the numer-
ical code, i.e. rb, B, γmax, and ℓ
inj
p , are then derived using
eqs. (1), (3), (6)-(7), and (5) respectively. These are sum-
marized in Table 1. In all cases we let the system reach
a steady-state, where the photon and neutrino emission as
well as the proton and neutron energy distributions were
then calculated. Although, in most cases, a steady-state is
achieved in ∼ 2tcr, a time-dependent treatment of the GRB
emission that is intrinsically variable, is more adequate and
it will be the subject of a future work.
3.2.1 Emission spectra
Figure 3 shows the observed multiwavelength photon spec-
tra (solid lines) obtained from a single GRB pulse for
Lk = 10
52 erg/s, ǫB = 0.1, ǫp = 1 and δt = 0.1 s (Group A)
and for three indicative values of Γ, i.e. 102.1 (black lines),
102.3 (blue lines) and 102.5 (black lines). For comparison
reasons, the total neutrino4 (dotted lines) and proton es-
caping (dashed lines) energy spectra are overplotted. Since
Linjp = ǫpLk is kept fixed, the proton injection compactness
increases for decreasing Γ (see also eq. (5)). In particular,
it increases gradually from ℓinjp = 1.2 × 10−3 (lower curve)
to 1.2 × 10−1 (upper curve) with increaments of 0.5 in log-
arithm. The ratio fℓ calculated using eq. (14) for each case
is given in label of Fig. 3.
Spectra shown with grey lines are obtained for Γ =
102.5, which for the particular choice of parameters, leads
to low ℓinjp and fℓ < 1. This is a typical example of emis-
sion signatures obtained when the system operates in the
subcritical regime. The photon emission is characterized by
the following: the MW spectra are dominated by the pro-
ton synchrotron component, i.e. synchrotron radiation is the
4 We refer to the sum of electron/muon neutrino and antineutrino
fluxes as the total neutrino flux.
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Table 1. Parameter values used for the calculation of the photon, neutrino and proton energy spectra shown in Figs. 3 and 7. Other
parameters used are: Lk = 10
52 erg/s, ǫp = 1 and ǫB = 0.1.
# Γ B (G) rb (cm) min(γH, γsat) ℓ
inj
p ℓp,cr
a
Group A: δt = 0.1 s
1 102.1 3× 104 3.8× 1011 1.3× 109 1.2× 10−1 6.9× 10−4
2 102.2 1.5× 104 4.7× 1011 1.7× 109 3.9× 10−2 10−3
3 102.3 7.7× 103 6× 1011 1.5× 109 1.2× 10−2 1.7× 10−3
4 102.4 3.8× 103 7.5× 1011 9.2× 108 3.9× 10−3 2.7× 10−3
5 102.5 1.9× 103 9.5× 1011 5.8× 108 1.2× 10−3 4.4× 10−3
Group B: δt = 0.01 s
6 102.1 3× 105 3.8× 1010 3.8× 108 1.2 6.9× 10−4
7 102.2 1.5× 105 4.7× 1010 5.5× 108 3.9× 10−1 10−3
8 102.3 7.7× 104 6× 1010 7.7× 108 1.2× 10−1 1.7× 10−3
9 102.4 3.8× 104 7.5× 1010 9.2× 108 3.9× 10−2 2.7× 10−3
10 102.5 1.9× 104 9.5× 1010 5.8× 108 1.2× 10−2 4.4× 10−3
a It is calculated using the first branch of eq. (13) without the logarithmic depen-
dance.
dominant energy loss mechanism for UHE protons, and the
radiative efficiency, which is defined as ηγ = Lγ/Ltot, is
low in agreement with typical proton synchrotron emission
models (see e.g. Mu¨cke & Protheroe (2001)). In the sub-
critical regime, the proton spectra at steady state are the
same as at injection because of negligible energy losses. Note
that the sharp cutoff of the proton spectra at γ = γmax
reflects the injection spectrum np ∝ γ−ppH(γmax − γ).
The high energy cutoff would have been smoother if we
were to use a more physically motivated injection spec-
trum, e.g. np ∝ γ−ppe−(γ/γmax)q . The produced neutrinos
in this regime are the result of photopion interaction of pro-
tons with their own emitted synchrotron radiation (see also
DMPR12). However, the photopion energy loss rate of pro-
tons is very low and the neutrino emission is supressed. Note
that the peak neutrino luminosity is ≃ 10−6Linjp .
As the injection compactness increases, at some point
it will exceed the critical value (see eq. (13)) and the system
will undergo a phase transition, which can be easily identi-
fied by a radical change of the spectral shape and an abrupt
increase of the emitted luminosity (see black and blue lines
in Fig. 3). Note that all spectra obtained in the supercritical
regime are also characterized by fℓ & 1 in agreement with
the analysis of §2.2. The underlying reason for this abrupt
transition is the instability of spontaneous γ-ray quenching
that redistributes the energy from the γ-ray energy band to
lower energy parts of the spectrum through an EM cascade
(Stawarz & Kirk 2007; Petropoulou & Mastichiadis 2011).
Because of the increased production of low energy photons
in the source, it is the photopion/photopair energy loss chan-
nels that are favoured over the the proton synchrotron one
while in the supercritical regime. Thus, the EM cascade ini-
tiated by the instability of spontaneous γ-ray quenching is
further supported by the injection of secondary pairs, which
are highly relativistic and produced by the photopair and
photopion interactions of UHE protons with the automati-
cally generated soft photons. In other words, once proton-
produced γ−rays reach a certain compactness they are spon-
tanteously absorbed, giving rise to electron-positron pairs
and radiation, which causes more proton cooling via pho-
topair and photopion processes; and eventually more γ-rays,
thus sustaining the loop, which is illustrated in Fig. 4.
All the processes discussed above lead naturally to a
Figure 4. Schematic diagram of the feedback loop that is formed
whenever spontaneous quenching of proton-produced γ-rays takes
place (dashed lines).
large number density of cooled pairs (ne,cool) that is re-
lated to the source’s Thomson depth (τT) through τT =
σTrbne,cool. Since the number of secondaries produced in
the EM cascade is related to the proton injection compact-
ness, we expect that larger values of ℓinjp lead to larger optical
depths. This trend is exemplified in Fig. 5 where we plot the
Thomson optical depth versus ℓinjp at the injection (circles)
and at the steady state (squares) for the same parameters as
in Fig. 3. The hatched area corresponds to the supercritical
regime, while indicative values of fℓ (eq. 14) are marked on
the plot for comparison reasons. At injection we assumed
that any electrons present in the source are these related
to the injected protons for conservation of neutrality and,
hence, τ
(0)
T = σTrbnp ≃ 3ℓinjp / ln(γmax). At the steady state
we find τT ≫ τ (0)T for ℓinjp ≫ ℓp,cr, and this is another mani-
festation of the increased secondary pair injection while the
system lies in the supercritical regime.
If the value of ℓinjp is such as to result in τT > 1
(blue lines in Fig. 3), then the process that determines the
spectral shape is photon Comptonization by cooled elec-
trons. In particular, our numerical simulations indicate that
c© 2014 RAS, MNRAS 000, 1–??
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Figure 5. Plot of the Thomson optical depth as a function of
ℓinjp in logarithmic scale for the same parameters as in Fig. 3. The
values corresponding to the injection and to the steady state,
as derived from the numerical code, are shown with circles and
squares, respectively. The analytical value of fℓ for three values
of ℓinjp is also shown.
the peak energy of the photon spectrum scales approxi-
mately as τ−2T , which is in good agreement with the de-
pendance found by the solving the Kompaneets equation
(Kompaneets 1956). Although similar work can be found
in the literature (e.g. Arons (1971); Illarionov & Syunyaev
(1972); Lightman et al. (1981)), we present in Appendix B
an analytic derivation for the case of continuous power-law
photon injection that better describes the physical problem
under investigation, and further supports our numerical re-
sults. Note that if we were to neglect the effects of photon
downscattering, then all spectra obtained in the supercriti-
cal regime would have had the universal shape of a spectrum
that peaks at ∼ 0.1Γ2 GeV in the observer’s frame (see e.g.
blue line in Fig. 3), which reminds of the power-law under-
lying component seen in several bright GRBs (e.g. 080319B,
090902B, 090926A) detected with Fermi (Racusin et al.
2008; Abdo et al. 2009; Ackermann et al. 2011). Cascade
emission produced through proton interactions with the
MeV photons of the GRB were suggested as an alternative
explanation for this emission (e.g. Asano et al. 2010). In-
terestingly, we derive similar photon spectral shapes which
are also the result of a cascade but with the key difference
that a photon field is not required ab initio; the targets are
provided by the quenching loop. In the succession of spectra
shown in Fig. 3 only those obtained for Γ = 102.1 correspond
to large enough ℓinjp and τT to start resembling to a Band-
like photon spectrum (Band et al. 1993). The exact spectral
shapes, however, should be considered with caution, since a
better description for the cooling of pairs below βγ ∼ 1 is
required and which we plan to address in the future.
As the system is driven deeper to the supercritical
regime the photopion energy losses become gradually more
significant and the energy drained from UHE protons is
transfered to photons and secondary particles, such as pairs
and neutrinos. The abrupt increase of the neutrino fluence
is an additional sign of the transition to the supercritical
regime – see grey and black lines in Fig. 3. As the proton in-
jection compactness progressively increases (bottom to top)
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Figure 6. Observed ǫLǫ spectra for protons (solid lines) and
neutrons (dashed lines) for the same parameters as in Fig. 3.
the neutrino spectrum becomes flatter in ǫFǫ units, and it ex-
tends to lower energies tracing the evolution of the peak pho-
ton luminosity. The neutrino spectra for ℓinjp ≫ ℓp,cr share
many common features with those obtained in studies where
the photon target field is modelled by an ab initio Band
spectrum (e.g. Murase 2008; Baerwald et al. 2011, 2013;
Petropoulou 2014). Summarizing, conditions leading to high
photon and neutrino luminosities cause unavoidable cooling
of UHE protons (see also Asano 2005) that obtain a steeper
power-law spectrum than that of injection, i.e. np ∝ γ−s,
where s ≈ pp + 1/2. Figure 6 compares the observed differ-
ential luminosity of escaping protons and neutrons for the
same parameters as in Fig. 3. In all three cases, we find that
protons with energies . 1014 eV are unaffected by cooling
due to photohadronic processes and actually serve as a large
energy reservoir. However, their contribution to the spectral
and temporal properties of the gamma-ray spectra is negligi-
ble both in the subcritical and supercritical regimes, and this
can be understood as follows: protons with Ep < 10
14 eV
emit mainly through synchrotron at low photon energies,
e.g. Eγ < 2.5eV(E,p/10
14eV)2(B/104G)(100/Γ) and with
a much lower luminosity than the gamma-ray one5. In this
context it is the high energy part of the proton distribution
that is ‘active’. The luminosity carried by neutrons, which
are produced via the photopion channel pγ → nπ+, increases
as the cooling of UHE protons becomes progressively more
significant, i.e. as the conditions lead the system deeper into
the supercritical regime. At the same time, the peak of the
neutron energy spectrum moves towards lower energies, sim-
ilarly to the cooling break energy of the proton energy spec-
trum, and the neutron distribution can be described by the
same power-law as cooled protons, i.e., with index pn ≃ s ≈
pp+1/2. In the optically thin limit for photopion interactions
the produced neutron distribution would follow the pro-
ton injection spectrum. Here, the steepening of the neutron
spectrum is the result of efficient neutron cooling through
nγ → pπ− before escape from the emission region. Contrary
5 The gamma-ray luminosity in the subcritical regime is given by
the peak luminosity of the proton synchrotron component, while
in the supercritical regime is given by the peak of the cascade
emission component (see Fig. 3).
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Figure 7. Comparison of observed photon, neutrino and proton
energy spectra for δt = 0.1 s and δt = 0.01 s shown with black and
blue lines, respectively. Spectra in panels (a) and (b) are obtained
for Γ = 102.5 and Γ = 102.2, respectively. All other parameters
are same as in Fig. 3.
to protons, neutrons are not confined by magnetic fields and
their decay time is large enough to allow them to escape
freely before converting through β-decay into protons. These
will propagate as UHECRs into the intergalactic medium
having an injection spectrum similar to that of their par-
ent population (Kirk & Mastichiadis 1989; Begelman et al.
1990; Giovanoni & Kazanas 1990; Mannheim et al. 2001;
Atoyan & Dermer 2003). Other possible escape mecha-
nisms of UHECRs are discussed in Baerwald et al. (2013);
Asano & Meszaros (2014).
Having explained the basic features of the photon, neu-
trino and proton spectra as the system is driven progres-
sively from the subcritical to the supercritical regime for a
particular parameter set (Group A), we proceed to investi-
gate the role of other parameters, such as δt – see Fig. 7. If
all other parameters are kept fixed, faster variability is trans-
lated to higher proton injection compactness (ℓinjp ∝ δt−1),
higher magnetic field strength (B ∝ δt−1), smaller emis-
sion region (rb ∝ δt) but approximately constant ℓp,cr, as
the only dependance on δt comes through the logarithmic
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Figure 8. Gamma-ray spectra obtained for δt = 0.1 s (black
lines) and δt = 0.01 s (grey lines). Other parameters used are:
Lk = 10
52 erg/s, ǫB = 0.1, ǫp = 1 and Γ = 10
2.1. The bowties
show the range of observed values for the GRB photon indices,
namely −1.4 6 α 6 0.5 and −2.8 6 β 6 −1.9 (Preece et al.
2000), and are plotted for guiding the eye.
term (see eq. (13)). Thus, for the same Γ but smaller δt
the system is driven more deep to the supercritical regime
(panel (a) in Fig. 7). The effect of the stronger magnetic
field for δt = 0.01 s is also imprinted on the cutoff energy
of the neutrino spectrum, which moves from ∼ 100 PeV to
10 PeV (panel (b)). The gamma-ray emission produced for
Γ = 102.1 in both cases is shown in Fig. 8. The bowties show
the range of observed values for the GRB photon indices,
namely −1.4 6 α 6 0.5 and −2.8 6 β 6 −1.9 (Preece et al.
2000), and are plotted for guiding the eye. Note the change
of the gamma-ray spectrum below the peak, which becomes
harder as ℓinjp ≫ ℓp,cr.
3.2.2 Efficiency
A robust sign of the transition to supercriticality is
the abrupt increase of the photon, neutron and neu-
trino luminosities. The efficient conversion of energy orig-
inally stored in relativistic protons into radiation can
be the result of other underlying feedback loops, such
as the ‘PPS-loop’ (Kirk & Mastichiadis 1992), which was
also studied in the framework of GRB prompt emission
(Mastichiadis & Kazanas 2006, 2009). Here we define the
efficiency of the i-th component as ηi = Li/Ltot, where
Ltot = Lk(1+ǫp+ǫB), i = γ (photons), ν (neutrinos), n (neu-
trons), p (protons) and P (protons with energies > 1018 eV).
The efficiency as a function of the Lorentz factor is shown
in Fig. 9 with panels (a) and (b) corresponding to Groups
A and B, respectively. Few things are worth commenting:
• The luminosity of the proton component is the domi-
nant one. The photon luminosity becomes comparable to the
luminosity carried by the proton component only for param-
eters that drive the system deep into the supercritical regime
(see e.g. Fig. 1), where we typically find that ηγ ≈ 0.1− 0.2
or Lγ ≈ (0.2− 0.4)Linjp .
• The abrupt increase of ηγ , ην and ηn is seen for Γ ≃
102.4 ≃ Γcr (see also eq. (15)) and it marks the transition to
supercriticality.
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Figure 9. Log-log plot of the ratio Li/Ltot as a function of the Lorentz factor for parameter sets from Group A and B shown in panels
(a) and (b), respectively. The subscript i accounts for photons, electron and muon neutrinos, neutrons, protons, and UHE (> 1018 eV)
protons. All parameters are the same as in Figs. 3 and 7.
• In panel (b) the abrupt increase of the neutrino, neutron
and photon luminosities is not evident, as our simulations
do not extend above Γcr, which in this case is ≃ 102.6.
• The steep decrease of ηP (∼ 3 orders of magnitude for a
0.3 order of magnitude change in Γ) indicates the significant
cooling of UHE protons.
• For Γ < Γcr we find ηγ & ην . For Γ > Γcr on the other
hand, ην decreases faster than ηγ , since photopion interac-
tions are the sole source of neutrinos contrary to photons,
which are produced mainly via synchrotron radiation in the
subcritical regime.
• The efficiencies in neutrons and neutrinos are, gener-
ally, of the same order of magnitude. They show, however,
different trends: ηn remains approximately constant (panel
(a)) or decreases (panel (b)) for smaller values of Γ, whereas
ην increases. This implies that neutrons interact with pho-
tons before escaping from the source and contribute to the
neutrino production through the process nγ → pπ−.
3.2.3 Maximum proton energy
We continue our study on the emission features while the
system is in the supercritical regime by considering a fidu-
cial case where protons are not accelerated up to UHE,
i.e. the maximum proton energy in the comoving frame is
≪ 1018 eV. One could imagine a scenario where the mag-
netization of the burst is very low (e.g. ǫB ≪ 10−3) or the
size of the emission region is small enough to confine higher
energy protons. To exemplify the above we adopt the follow-
ing parameters: γmax = 7× 106, Lk = 1053 erg/s, Γ = 102.5,
δt = 0.1 s, ǫB = 0.01 and two values of the proton injec-
tion luminosity, Linjp = 10
53 erg/s and 1054 erg/s, which
correspond to the subcritical and supercritical regime, re-
spectively. Other parameters used are: B = 1.9× 103 G and
rb = 9.5× 1011 cm.
The results for the subcritical and supercritical cases
are summarized in panels (a) and (b) of Fig. 10, respec-
tively. In the subcritical regime the various components of
the overall photon spectrum can be identified, in contrast
to the supercritical regime where the formation of the EM
cascade blurs the emission signatures from individual pro-
cesses. In panel (a) we plot the various contributions in
order to demonstrate that in the TeV energy band (grey
colored region) the gamma-ray emission is no longer dom-
inated by the proton synchrotron component (for compar-
ison see grey line in Fig. 3). Instead, it is the synchrotron
radiation from secondary pairs produced through the Bethe-
Heitler and photopion processes that is being emitted as Tev
gamma-rays and that it is going to initiate the instability of
automatic photon quenching (for relevant discussion see also
Petropoulou & Mastichiadis 2012b).
Note that the emission signatures of hadronic plasmas
in the subcritical regime may differ significantly for various
parameter sets, as we exemplified in Figs. 3 and 10. However,
the photon and neutrino emission produced when the sys-
tem is driven to the supercritical regime, and in particular
for parameters which ensure fℓ ≫ 1, is rather ‘universal’.
Besides the overall energetics, the photon SEDs shown in
Figs. 3 (black line), 8 and 10 have similar features.
We also found that for lower values of γmax, a higher
value ℓinjp is generally required to enter the supercritical
regime. Given that in this regime approximetaly (0.2 −
0.4)Linjp goes to gamma-rays and neutrinos (see also Fig. 9),
the above conditions lead inevitably to bright photon and
neutrino bursts. For the case shown in Fig. 10 for example,
the gamma-ray fluence emitted in the supercritical regime
would be ∼ 3 × 10−5 erg/cm2, if we were to assume a
duration of 10 s. This would place such an event at the
high-fluence tail of the Fermi distribution (von Kienlin et al.
2014).
4 DISCUSSION
Hadronic models have served for a long time as alterna-
tives to the more popular leptonic ones for AGN and GRB
high-energy emission. One of their unique features is the pre-
diction of copious neutrino emission which can be produced
c© 2014 RAS, MNRAS 000, 1–??
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Figure 10. Examples of multiwavelgth spectra obtained for a lower value of the proton injection energy (γmax = 7 × 106) in the
subcritical (panel a) and supercritical (panel b) regime. Panel (a): The total photon spectrum when all processes are taken into account
is plotted with thick black line, whereas when γγ absorption is omitted the result is shown with thin black line. The contribution to
the total flux of various components is also shown: proton synchrotron (dotted line), gamma-rays from π0 decay (dashed line) and
synchrotron from pairs from BH and photopion processes (dashed-dotted line). The neutrino spectra (grey line) are also overplotted.
The grey colored region marks the 0.1-10 TeV energy band. Panel (b): The total photon (solid line), neutrino (dotted line) and proton
(dashed line) energy spectra are shown . The typical low- and high-energy photon indices are also shown. Other parameters used are:
Lk = 10
53 erg/s, Γ = 102.5, δt = 0.1 s, ǫB = 0.01, B = 1.9 × 10
3 G and rb = 9.5 × 10
11 cm; the proton injection luminosity used in
panels (a) and (b) is 1053 erg/s and 1054 erg/s, respectively.
alongside the photon spectrum and is particularly attractive
because it allows for hadronic models to be further tested.
These suffer, however, from low efficiencies, as hadrons have
in general long cooling timescales.
In earlier works (Mastichiadis et al. 2005;
Dimitrakoudis et al. 2012b; Petropoulou & Mastichiadis
2012a,b) that were targeting AGN high-energy emission,
we showed that we can divide the parameter space of
hadronic plasmas into two regimes. In the first one, which
we shall call ‘subcritical’, protons carry the majority of the
energy while a small amount is radiated away mainly by
proton synchrotron radiation; photon induced processes like
photopair and photopion carry even less luminosity – this
is especially true if one assumes that there are no ambient
photons illuminating the source. In this regime the system
is inefficient, i.e. protons lose a very small part of their
energy to secondaries. The other regime, the ‘supercritical’
one, is separated by a sharp boundary in phase space from
the subcritical one and is characterised by exactly the op-
posite trend. Here, processes like photopair and photopion
production dominate the losses and essentially drain the
protons of their stored energy giving it to secondaries,
thus increasing the efficiency to high values. Because of the
radical change not only in the efficiency but also in the
emission signatures of such plasmas, the transition from
the sub-to the super-critical regime can be characterised as
a ‘phase’ transition, with the underlying reason being the
existence of non-linear feeback loops.
In the present study we re-examined the radiative signa-
tures of hadronic plasmas in the context of GRBs. The key
question we wanted to answer was whether the energetics
required for the supercriticality are compatible with typi-
cal GRB parameters. For this, we adopted the usual GRB
hadronic picture used in the literature, i.e. we assumed the
injection of high energy protons having a power law dis-
tribution in a source of a given size that contains a cer-
tain magnetic field and adopted parameter values relevant
to GRB sources. However, departing from the usual GRB
assumptions, neither external photons nor an extra popu-
lation of accelerated relativistic electrons were considered.
This choice minimized the number of free parameters to five:
ǫB, ǫp, Lk, Γ and δt; all other quantities, such as the proton
injection luminosity (Linjp ) and the maximum energy (γmax)
of their distribution, can be expressed in terms of these pa-
rameters (see eqs. (1), (3), (5), (6), (7)). For the deriva-
tion of γmax we assumed that proton acceleration is fast,
i.e. tacc ≃ tg, where tg is the proton gyration timescale. For
example, stochastic Fermi acceleration due to magnetic tur-
bulence (e.g. Waxman 1995a; Dermer & Humi 2001) as well
as relativistic magnetic reconnection (e.g. Giannios 2010)
have been suggested as viable processes for fast, UHE pro-
ton acceleration. Whether or not the accelerated protons can
form a power-law distribution remains to be shown, although
there are some indications for the formation of a high-energy
proton power-law tail in simulations of relativistic reconnec-
tion in electron-ion plasmas (private communication with
Dr. L. Sironi). Note that the same kind of numerical studies
performed for pair plasmas clearly show the formation of a
power-law electron distribution (Sironi & Spitkovsky 2014).
As a tool for our study we employed a recently devel-
oped numerical code (Dimitrakoudis et al. 2012a) for solv-
ing the system of spatially averaged kinetic equations, that
describes the coupling between protons and their stable by-
products, namely photons, electrons (and positrons), neu-
trons and neutrinos. This, in contrast to most of the work
performed on hadronic plasmas thus far, has allowed us to
make a self-consistent study of the evolution of the system
by keeping track of the energy lost and gained by the vari-
c© 2014 RAS, MNRAS 000, 1–??
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ous species. We have confirmed that this coupling between
the species is the key to understanding its behaviour as only
with this scheme can one follow the development and growth
of non-linear loops that eventually lead the system to super-
criticality.
Altough there are various loops that may cause
the phase transition from sub- to super-criticality
(e.g. Kirk & Mastichiadis 1992; Kazanas et al. 2002;
Mastichiadis et al. 2005), our analysis presented in
§2 and in Appendix A shows that γ−ray quenching
(Stawarz & Kirk 2007; Petropoulou & Mastichiadis 2011)
is the leading one for the parameters used. This means
that once proton-produced γ−rays reach a certain com-
pactness they are spontanteously absorbed, giving rise to
electron-positron pairs and radiation, which causes more
proton cooling via photopair and photopion processes;
and eventually more γ-rays, thus sustaining the loop. The
cycle will continue until protons are drained of their energy
and this, depending on the initial conditions, can lead the
system either to steady state or to a limit cycle behaviour –
in the latter case energy is gradually built into protons and
is abruptly released in a few crossing times. Note that all
the examples presented in §3 were obtained for parameters
that led quickly (in 1-2 dynamical times) to a steady state.
As we have shown in §2, it is the existence of a critical γ-
ray compactness that makes the proton compactness ℓinjp the
most important parameter in our study. On the one hand,
if we use a similar definition to the radiation compactness
and relate the observed proton luminosity, which is assumed
to be a fraction ǫp of the jet’s kinetic luminosity Lk, to the
one measured in the comoving frame of the flow through
a Lorentz transformation, we find ℓinjp ∝ ǫpLkδt−1Γ−5. On
the other hand, we showed that the critical γ-ray compact-
ness is translated to a critical value for the proton one,
which roughly scales as ℓp,cr ∝ Γ2ǫ−1/2B L−1/2k . The combi-
nation of the Γ−5 and Γ2 dependances favours supercriti-
cality for most parameter values, except for flows with high
bulk Lorentz factors. These results are summarized in Fig. 1,
which answers in the most satisfactory manner our earlier
posed key question.
Apart from the above, there are some far reaching con-
sequences of this model when applied to GRBs. First, the ef-
ficiency of photons and neutrinos becomes quite high, reach-
ing 0.1-0.4 of the total available proton luminosity. More-
over, the high number of electron-positron pairs created as
secondaries cool to low energies producing a high Thom-
son optical depth (ranging from a few up to mp/me) which
can downscatter high energy photons producing a bump at
mec
2τ−2T in the rest frame of the flow (see Appendix B). It is
noteworthy that a similar idea for explaining the peak of the
GRB emission was proposed by Brainerd (1994), although
in a different context. Moreover, the boundary in the phase
space between the two regimes is very sharp, in the sense
that a small perturbation in one of the proton injection pa-
rameters, while the system is still in the subcritical regime,
can push it over to the supercritical one. The transition is in
most cases very abrupt and it manifests itself with a photon
flare which lasts a few crossing times (Dimitrakoudis et al.
2012a; Petropoulou & Mastichiadis 2012b).
Clearly there are open questions that one needs to ad-
dress before the present model can successfully explain the
GRB phenomenology, such as gamma-ray spectra and time-
variability, which we plan to investigate in a forthcoming
publication. For the former, we plan to include an addi-
tional equation for low-energy electrons (βγ < 1) and fol-
low the cooling/heating due to Compton process in more
detail. Regarding the latter, one of the central issues that
has to be addressed is whether or not our hadronic model
can produce the fast variability observed in γ-rays. Prelimi-
nary results of photon lightcurves derived in the supercritical
regime assuming a variable proton injection rate show that
rapid variability (of the order of the source crossing time)
can be obtained. Note that even for a constant proton in-
jection rate there are regimes in the parameter space that
are relevant to GRBs and lead to a limit cycle behaviour
(Petropoulou & Mastichiadis 2012b). Thus, in cases where
the proton injection is variable we find that the structure of
the gamma-ray light curves is complex due to the superpo-
sition of the intrinsic periodicity of the hadronic plasma and
of the variability pattern of the ‘external’ source of proton
injection.
5 SUMMARY
We showed that the injection of high-energy protons, e.g.
> 1017 eV, with luminosities & 1052 erg/s in a region which
is part of a GRB-like flow with bulk Lorentz factor . 500 can
lead to an abrupt energy transfer from protons to photons
and neutrinos, which may carry approximately 10%−40% of
the injected proton luminosity. We also found that the pro-
ton injection luminosity that is required for triggering the
efficient cooling of protons is higher, e.g. reaching 1054 erg/s,
for proton distributions extending to lower energies, e.g.
γmax ∼ 107. In this case, our model has the testable pre-
diction of a contemporaneous bright burst in γ-rays and
high-energy neutrinos. If the neutrino non-detection from
Fermi bright GRBs with IceCube will be established (e.g.
Abbasi et al. 2012; He et al. 2012; Liu & Wang 2013), in the
context of our model, it will mean that the conditions in
sources where proton acceleration to UHE is not possible,
should be such as not to drive the system to supercriticality,
e.g. Linjp ≪ 1054 erg/s.
We showed that in our framework the gamma-ray pho-
ton spectrum is self-consistently determined. Its shape is
sensitive on how deep in the supercritical regime the system
is driven. When the proton luminosity is marginally above
the critical value, the photon spectrum peaks at ∼ 0.1 GeV,
whereas for higher proton luminosities it is modified due to
Comptonization and appears more as a Band spectrum. Not
only different values of the proton luminosity but also small
changes in one of the other parameters, and in particular of
the bulk Lorentz factor, may lead to photon spectra ranging
between the two shapes described above.
Summarizing, we showed that supercriticalities are a
generic feature of hadronic models, as they manifest them-
selves for a wide range of parameters; from those relevant
to AGN high-energy emission to those relevant to GRBs. In
the context of the latter, such supercriticalities can lead nat-
urally to bursts of gamma-rays that share several properties
with the typical GRB prompt emission, such as the observed
photon luminosity, the Band-like spectra and the time du-
ration. These offer also a unique way of transferring energy
from protons to photons and neutrinos in a very efficient
c© 2014 RAS, MNRAS 000, 1–??
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way, and of overcoming the usual low-efficiency problem of
hadronic models.
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APPENDIX A: DERIVATION OF CRITICAL
PROTON COMPACTNESS
Here we derive the expression for the critical proton com-
pactness (ℓp,cr) in the case where the gamma-rays that are
spontaneously absorbed are the result of proton synchrotron
radiation. We derive the expression for a power-law proton
distribution with slope pp = 2. A similar analysis can be
followed for different power-law indices.
The peak of the proton synchrotron spectrum in νFν
units appears at
ǫmax = bmec
2γ2Mχ
−1, (A1)
where b = B/Bcr, Bcr = 4.4 × 1013 G, χ = mp/me and
γM = min(γmax, γc). Here γc is the Lorentz factor of protons
that cool within the dynamical timescale rb/c and it is given
by eq. (9). The maximum Lorentz factor of protons is γmax =
min(γsat, γH), where γsat and γH are given by eqs. (6) and
(7), respectively.
• The condition γH 6 γsat is translated to
Γ & 140 δt
−1/7
−1 η
1/7
0 ǫ
3/14
B,−1L
3/14
k,52 (A2)
In this regime, we find that γc > γmax = γH if
Γ & 180δt
−1/7
−1 ǫ
3/14
B,−1L
3/14
k,52 (A3)
where we used eqs. (9) and (7). Both conditions are identical
apart from a numerical factor 1.3η
−1/7
0 . Thus, as long as
condition (A2) is satisfied we can assume that synchrotron
proton cooling is not significant and set γM = γmax = γH.
• The condition γH > γsat is satisfied as long as
Γ . 140 δt
−1/7
−1 η
1/7
0 ǫ
3/14
B,−1L
3/14
k,52 . (A4)
Using eqs. (9) and (6) we find that γc > γsat only if
Γ & 190η
−1/7
0 δt
−1/7
−1 ǫ
−3/14
B,−1 L
3/14
k,52 . (A5)
Inspection of conditions (A4) and (A5) reveals that in the
regime where γmax = γsat the high-energy part of the proton
distribution is affected by synchrotron losses, at least for
most parameter values. For this, we set γM = γc as long as
condition (A4) is satisfied.
The peak luminosity of the proton synchrotron spec-
trum in the comoving frame is then given by
Lp,syn ≈ L0NpB2γM, (A6)
where
L0 ≈ e
9/2
√
6π3/2m
5/2
p c7/2
. (A7)
Np is the total number of protons which is related to the
proton injection rate Qp as
Np ≈ V tesc
∫ γM
1
dγQp(γ), (A8)
where V ≃ πr3b, tesc = rb/c and Qp = Q0γ−pp . The above
expression is exact only if γM = γmax. However, we find
that is still a good approximation for pp > 1 and γc ≃
(0.1− 1)γmax.
Using eq. (A8) the proton injection compactness defined
by eq. (5) can be written in terms of Np as
ℓinjp =
σTNp
4πr2b
ln(γM). (A9)
Assuming that Lp,syn ≃ Lγ , where Lγ is the integrated γ-
ray luminosity, and using eqs. (A6) and (A9), the γ-ray com-
pactness is written as
ℓγ =
L0rbB
2γM
mec3 ln(γM)
ℓinjp . (A10)
As shown by Petropoulou & Mastichiadis (2011), the critical
γ-ray compactness (ℓγ,cr) is a function of the γ−ray photon’s
energy (see eq. (34) therein) having a minimum at the energy
(in mec
2 units)
x⋆ = 32
2/9
(
2
b
)1/3
(A11)
and increasing as ∝ x1/2 for x > x⋆. The minimum value of
ℓγ,cr is found to be ℓ⋆ =
(
27b
)1/3
. For x > x⋆, the critical
γ-ray compactness may be written as
ℓγ,cr = ℓ⋆
(
x
x⋆
)1/2
. (A12)
In general, the peak of the proton synchrotron spectrum
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(xmax) appears at xmax > x⋆. The transition to supercrit-
icality occurs if ℓγ > ℓγ,cr(xmax). By combining eqs. (3),
(A1), (A10), and (A12) we find equivalently that
ℓp,cr =
(2× 10−5)Γ22
ǫ
1/2
B,−1L
1/2
k,52


22 + ln
(
ǫ
1/2
B,−1
L
1/2
k,52
Γ2
2
)
, γM = γH
18 + ln
(
Γ52δt−1
ǫB,−1Lk,52
)
, γM = γc
(A13)
APPENDIX B: PEAK ENERGY - THOMSON
DEPTH RELATION
The complete form of the Kompaneets equation
(Kompaneets 1956) is
∂nγ
∂τ
= τT
∂
∂x
[
x2
(
nγ +
n2γ
x2
+Θx2
∂nγ
∂x
)]
(B1)
where τ = ct/rb, x = ǫ/mec
2, Θ = kTe/mec
2 and
nγ is the differential photon number density which is
related to the photon occupation number N as N =
(hc)3nγ(x)/8πx
2(mec
2)3. In most astrophysically related
cases N < 1 and the induced emission term (∝ n2γ) in the
Kompaneets equation may be safely neglected. Here we con-
sider cases where x . 1 and Θ = 0, i.e. the Kompaneets
equation describes the ‘recoil effect’, where a photon loses
energy through multiple scatterings with cold electrons.
By adding a source and an escape term, the Kompa-
neets equation now reads
∂nγ
∂τ
+
nγ
tγ(x, τ )
= τT(τ )
∂
∂x
(
x2nγ(x)
)
+Q(x, τ ), (B2)
where τ is the time in rb/c units and tγ is an approximate
photon escape timescale given by
tγ = 1 +
τT(τ )
3
f(x) (B3)
and f(x) is given by eq. (21b) in Lightman & Zdziarski
(1987). For our purposes, however, it is sufficient to use
f(x) = 1. Finally, the source term appearing in eq. (B2)
is given by
Q(x, τ ) = Q0x
−sH(1− xmax)H(xmax − x)H(x− xmin)H(τ ). (B4)
We note that the Thomson depth is, in principal, a time-
dependent quantity. Using knowledge gained from the nu-
merical study of the problem, according to which τT scales
as tanh(λτ ) with λ > 1 in the supercritical regime, we can
consider τT to be constant.
Equation (B2) is solved using the method of character-
istics that transforms a partial differential equation (DE)
into an ordinary DE along the characteristic curves or sur-
faces in two- or three- dimensional problems, respectively.
In our case, the characteristic curve is given by
1
x
− 1
x0
= τT(τ − τ0), (B5)
same as in the case of synchrotron or/and inverse Compton
(in the Thomoson regime) cooling of relativistic electrons
(see e.g. Kardashev 1962). First, we find the solution to the
homogeneous equation by setting Q = 0. Along the charac-
teristic curve of eq. (B5), the PDE now reads
1
nγ
dnγ
dτ
= 2τTx− 1
tγ
, (B6)
with the solution
nγ,H(x, τ ) = nγ(x0, τ0)
(x0
x
)2
exp(−(τ − τ0)/tγ). (B7)
where the subscript H stands for ‘homogeneous’. The solu-
tion to the equation including the source term is then given
by
nγ(x, τ ) =
∫ τ
−∞
dτ0Q(x0, τ0)
(x0
x
)2
e−(τ−τ0)/tγ , (B8)
where x0 is a function of τ0 for fixed x, τ – see eq. (B5).
The above integral is simplified by changing the integration
variable from τ0 to x0 using eq. (B5):
nγ(x, τ ) =
Q0τT
x2
e−a/x
∫ xM
x
dx0x
−s
0 e
a/x0 , (B9)
where a−1 = τTtγ and xM = min(xmax, x⋆) and x⋆ = (1/x−
τ tγ)
−1. The above integral is easily calculated for a power-
law injection with s = 2 and it results in
nγ(x, τ ) =
Q0τT
ax2
(
1− ea(x−1M −x−1)
)
, (B10)
where
xM =


xmax, x >
xmax
1+xmaxτTτ
x⋆, x 6
xmax
1+xmaxτTτ
(B11)
The peak of x2nγ(x, τ ) appears at xp = xmax/(1+xmaxτTτ ).
Since photons escape from the source in an average time
τ ≃ tγ , the peak energy is given by
xp ≃ xmax
xmax + τTtγ
≃ 3
τ 2T
, (B12)
where the last equation holds for τT ≫ 1.
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